Abstract. We consider evolution of dynamical systems described by non-Hermitian Hamiltonians, using the density operator approach. The latter is formulated both at the level of the Hilbert space and the phase space, and adapted for applications to open quantum systems. We illustrate the formalism using a family of non-Hermitian system, which generators are quadratic with respect to both momentum and position. Despite the initial simplicity of a Hamiltonian, the structure of its solutions and spectral characteristics are nontrivial, and they can drastically change depending on parameters of the model and its symmetry in phase space. We present analytical solutions in L 2 (R) and in phase space, and an explicit form of the similarity transformation changing these generators into the corresponding normal operators.
Introduction
Non-Hermitian (NH) evolution generators (more commonly known as non-Hermitian Hamiltonians) appear in different contexts in description of quantum phenomena. Although there is no place for them in the formalism of standard quantum mechanics [1] , they have been the focus of both theoretical and experimental studies in a theory of many-particle and open quantum systems [2, 3, 4] . When working within the frameworks of NH Hamiltonian approach to quantum dissipative systems, one assumes that the anti-Hermitian part arises in Hamiltonian as a result of the interaction of otherwise conservative system with its environment or reservoir [4, 5] .
Despite the long history of the field, the core formalism of NH quantum dynamics is still a subject of active research from the viewpoint of a density-operator approach [6, 7, 8, 9, 10, 11, 12, 13] with specific applications to different phenomena [14, 15, 16, 17, 18] , to mention just a few examples. From a mathematical point of view, relaxing the condition of hermiticity of Hamiltonian leads to serious difficulties, e.g., absence of the spectral representation, which results in the lack of properly defined functional calculus. From a physical point of view, difficulties in interpretation arise, related mostly to the lack of probability conservation and problems with calculation of average values.
The goal of this paper is to describe evolution of a system characterized by NHĜ =Ĥ − iΓ, whereĤ andΓ are Hermitian operators themselves, in a Schrödinger picture and using Wigner phase space distribution. We aim to provide a complete description of such a NH case, analyzing the Schrödinger and Heisenberg equations for states in L 2 (R) and considering the corresponding equations in phase space. In the main part of the paper, we use a NH evolution generator square in position and momentum to illustrate this general scheme. We will studyĜ of the form
where A, B, γ ∈ R; m > 0 denotes a mass, ω > 0 is an (angular) frequency, and a dimensionless parameter ϵ > 0 allows to trace parts of equations related toĤ. Square integrable solutions of the Schrodinger equation, valid for arbitrary parameters in (1) , are derived in Section 3.1; the corresponding phase space solutions are presented in Section 3.2. In Section 2.1, a general description of evolution in L 2 (R) and in the Wigner representation is discussed. In Section 2.2, a phase space equivalent to the von Neumann equation is derived.
The important point to note is that, in this paper, Hermitian is a synonym of self-adjoint. Because we allow for a NH operator in the Schrödinger equation, its eigenvalues are, in general, complex-valued. By definition, in a NH case operatorsĜ andĜ † are not equal to each other and each has its own set of eigenvectors. Moreover, wheneverĜ is not a normal operator its eigenfunctions do not form an orthogonal basis.
General theoretical description
In this section, we present a general description of NH evolution on two levels: states in a Hilbert space, L 2 (R), and in phase space. We also show that, in the Heisenberg picture, eigenoperators are constructed from eigenfunctions ofĜ † when evolution is governed byĜ, and from eigenfunctions of operatorĜ when evolution is governed byĜ † .
Phase space formulation of time-independent Schrödinger equation
Let us consider operatorĜ =Ĥ − iΓ with HermitianĤ andΓ. Taking the Wigner-Weyl transform of eigenequation (Ĝ − λÎ)Ψ = 0, we obtain condition
where W Ψ is the Wigner function [19] corresponding to Ψ,
a star product ⋆ [20] is defined as
and a subscript () W denotes the Wigner-Weyl transform.
For λ = λ re + iλ im , where λ re and λ im are the real and imaginary parts of λ, respectively, (2) reads The Wigner function is always real which allows us to easily divide the above equation into its real and imaginary parts. For the real part we have
and for the imaginary part we obtain
This set of two independent equations, (5) and (6), forms a phase space equivalent of the stationary Schrödinger equation.
Phase space description of master equation
ForĜ =Ĥ − iΓ, the dynamics of the system described by density operatorρ is governed by [5, 21] 
In the context of theory of open quantum systems, this is the evolution equation for a reduced density operatorρ, which effectively describes the original subsystem (with HamiltonianĤ) together with the effect of environment (represented byΓ). Upon taking the trace of both sides of (7), one obtains an evolution equation for the trace ofρ,
, which shows that dynamics defined by (7) does not conserve the probability. Equation that rules evolution of a normalized density operatorρ ′ =ρ/(Trρ), suggested in [6] , reads
Using definitions of Lee and Jordan multiplications:
It is known [22] , that the following relations hold between the Wigner-Weyl transforms of operatorsÂ andB:
Combining these with (9) we find that, in phase space formulation, (7) is given by
where W ρ is the Wigner function corresponding toρ,
Obviously, forρ = |ψ)(ψ|, definition (11) simplifies to (3). Let us note that, in a slightly different form, eq. (10) appeared previously in [23, 24, 25] , in the context of pulse propagation in dispersive media. Yet another formulation, through the Wigner function flow, was given in [26] . Equation (10) is especially convenient to describe phase space evolution when interactions can be approximated by polynomials, i.e., when its RHS is represented by terms proportional to finite powers of . Unlike master equation, (10) acts on functions not on the operators, which makes it much easier to solve. Additionally, phase space description is very intuitive and connected to classical perception, which makes it even more interesting to study. 
Example: evolution generator quadratic in position and momentum
In this Section, we apply the formalism of Section 2 to the evolution generator quadratic in position and momentum, i.e.,Ĝ defined by (1) . We present analytical form of general, squareintegrable solutions of the Schrödinger equation and use them to derive solutions of evolution equation in phase space. We also show how this particularĜ can be transformed into a normal operator.
Schrödinger picture description
Let us consider the eigenproblemĜf n = λ n f n withĜ taken from (1). For γ = 0 and A, B > 0, the decay rate operatorΓ is reduced to a simple harmonic oscillator; for A > 0 and B < 0, it corresponds to a "chain falling from a table" Hamiltonian. The solutions presented below are not limited to these two special cases but are valid for arbitrary real A, B, and γ.
It can be shown, that square integrable solutions of equation
are given by
where n ∈ N, N n is a normalization factor [presented later in (23) 
Therefore, solutions of the time-dependent Schrödinger equation are of the form
where f n and λ n are defined by (12) and (13), respectively. Note that, in general, λ n has a nonzero imaginary part which changes the normalization of F n (x, t) during evolution. Nonetheless, functions (14) are square integrable for any finite t. If Im(λ n ) ̸ = 0, then, in the limit of t → ±∞, the L 2 (R) norm of F n (x, t) may diverge. The same applies for all finite linear combinations of (14) . On the other hand, infinite combinations of (14) may diverge for any t ̸ = 0 even if initial condition is square integrable. From the form of (13) it is clear that, for a given n ∈ N and set parameters m, ω, ϵ > 0, A ̸ = 0 ̸ = B, and B ̸ = −A, one can always find such a γ that the corresponding F n (x, t) is a stationary state, i.e., |F n (x, t)| = |F n (x, 0)|. If F n is a stationary state then, during evolution F k (x, 0) , a n ̸ = 0 , are, in the limit of t → ∞, reduced to a n F n (x, t). It is interesting that, for γ ̸ = 0, the only two instances when it is not possible to obtain stationary state are the cases of A = B = 0 or B = −A. The first condition corresponds to a simple harmonic oscillator coupled to the environment by a damping factor iγ; the second matchesΓ of the "chain falling from a table" type. If B = −A and γ = 0, the eigenvalues take on purely real values.
Phase space description
In the case of (1), phase space equivalent of the time independent Schrödinger equation (5), (6) and a phase space evolution equation (10) can be easily calculated, because bothĤ andΓ are simple polynomials inp andx. In this case, the phase space equations corresponding to the time independent Schrödinger equation are
The evolution equation for the Wigner function obtained from (10) is given by
Because solutions of time dependent Schrödinger equation, i.e., functions F k from (14) are known, the square integrable solutions of (15)- (17) can be calculated as
For l = k, formula (18) reduces to the Wigner function of F k and corresponds to solutions of analogues to Schrödinger equation. In general, (18) defines a wider class of nondiagonal Wigner functions [20, 27] that together with the standard Wigner function correspond to the solutions of von Neumann equation. This class does not include all possible solutions of (17) but any square integrable initial condition can be expanded as a series of functions (18) at t = 0. To calculate (18) it is convenient to introduce new real parameters u and v such that It transforms formula (14) into
From four possible solutions of (19) we choose the one that fulfills conditions: u 2 − v 2 > 0 and u > 0. The explicit dependence of A and B on parameters u, v, and ϵ is the following
.
To shorten notation, we introduce σ
Combining (18) with (20), we obtain after integration
So far, we have not specified the normalization factor N n . To do so, we calculate the scalar product of functions f m (x) and f n (x) from (12), as
where
. It leads to the following condition for the normalization constant:
Note, that (22) can be also calculated as an integral of the product of the corresponding Wigner functions over all possible positions and momenta.
Transformation to a Normal Operator
We have considered evolution generator
where ϵ > 0, A, B, γ ∈ R. In this Section, we will show that for any set of these parameters there exists a transformation that changes (24) into a normal operator. As a first step, let us note that (24) can be rewritten aŝ ) is positive. Besides,
If we now assume that exp(i2 Re(w)) = exp (
+ iπr), for r ∈ {0, 1}, and insert this assumption into (26) , we obtain
Above, a plus sign corresponds to r = 0 and a minus to r = 1. Definingω := ω
Note, thatĜ Q is a normal operator, i.e., [Ĝ Q , (Ĝ Q ) † ] = 0. It is yet another way to obtain already known eigenvalues:
(compare with (13)). One has to ensure that the real part of λ n is positive, determining the choice of a plus or minus sign, accordingly. This reasoning shows that the similarity transformation,Ĝ →QĜQ −1 =:Ĝ Q , transforms initialĜ into a normal operatorĜ Q . One can show that under some natural physical assumptions (Ĝ is dense-defined, closed and its eigenvectors span a dense-defined subspace of L 2 (R)) there always exists similarity transformation that changes generatorĜ into a normal operator. It is an important observation because change to orthogonal basis formed by eigenvectors of such normal operator radically reduces challenges of calculations, especially, when one thinks about numerical approximations.
Conclusion
We have described evolution of the system governed by NH generator using the Schrödinger picture and Wigner distribution function, and derived the phase space equations that dictate system's behavior in a general NH case. All this points were illustrated by the example of NH generator square in position and momentum, (24) , which we studied in detail. Form of the operator that changes (24) into a normal operator was given explicitly.
